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Abstract. The open nonlinear Scbdinger model with spin degrees of freedom is considered.
We find two types of integrable open boundary conditions. We study the Bethe ansatz states
of the model at the infinitely strong coupling limit. For some boundary conditions, the spins
of the Bethe ansatz wavefunctions are all aligned up or down. For the other type of boundary
conditions all the spin configurations are degenerate.

1. Introduction

One-dimensional impenetrable gases with spin degrees of freedom (and ibfikitdbard
model) have some interesting properties [1-4]. The model with open boundary conditions
has anSU (2)¥ symmetry (whereV is the number of particles) that is the direct product of

the individualSU (2) transformations for spin of each particle. For the model with periodic
boundary conditions there is a smaller symmetry, namely a subgrouwi/¢2)", being

the SU(2)" transformation that does not change under cyclic permuations of the particles
[3]. As the model has large symmetries, the ground state is degenerate in both boundary
conditions.

Recently Izergiret al gave the Fredholm determinant representations for the correlation
functions [5] of the impenetrable two-component Bose and Fermi gas system (and infinite
U Hubbard model) with periodic boundary conditions [6—8], while Kojima has studied the
correlation functions of the impenetrable Bose gases with Dirichlet and Neumann boundary
conditions [9]. There has been increasing interest in integrable electron systems with open
boundary conditions or with impurities in the condensed matter physics [11, 12, 15, 16].

For this paper, we studied the two-component Bose and Fermi gases with open boundary
conditions. In the model there exist two types of integrable open boundary conditions, one
corresponding to the existence of a boundary chemical potential while the other type is
similar to a boundary condition with a boundary magnetic field.

We also studied the wavefunctions and spin configurations of the model at infinitely
strong repulsive interactions.

The contents of this paper are as follows. In section 2, two-component one-dimensional
gases with open boundary conditions at finite coupling are considered. Integrable open
boundary conditions for the model are classified. The model at oo is studied in
section 3.

Details will be published elsewhere [19].
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2. Integrable boundary conditions for the two-component nonlinear Schddinger
model

The Hamiltonian for the two-component gas with open boundary conditions is given by

L
H= /0 (@99 (@) + ¢ W2 3} + F Wy )0 + g (W) ()
e YL + e (Plyo)(L) 1)

where ¥, (x) and y] (x) (¢ = spint) satisfy the canonical commutation relations for the
boson or fermiong is the coupling constant ang (c§) for « = =+ are the boundary fields

at the boundary = 0 (respectivelyx = L). For the model with finite coupling constant

¢, the numbers of particles with spins up and down are conserved separately and then the
eigenstates which conta{tv — M) particles of up spins antlf particles of down spins can

be written in the form

L L
Wy ) = / di ... / Gy Y X LG W@l (@)
0 0

ay...0y==%

where|0) is the pseudovacuum.

To obtain the Bethe ansatz wavefunctions, it is covenient to consider the system of
the particles on the circle-L < z; < L (extended space). There are boundary fields
atz; = 0 andz; = L and there are delta function interactions between both particle—
particle and particle—mirror image (about the mirror crossing at O larad the circle) of
the particle. From the symmetry aboyt — —z; the wavefunctions can be constructed
to be invariant under this transformation. We can obtain the wavefunctions of the model
with open boundary conditions by restricting coordinatgsof the wavefunctions to be
0 < Zj < L.

The first quantized Hamiltonian for the model on the extended space is given by

N N
h=— Z zzj + cZ[S(zi — 7))+ 8@z +z)] + caL 2:8(1.,-)8%.,4r
j=1 i#] j=1
N N N
+eg D 8(z)8a— +Cf Y 8(2))8u, 4 + €L Y 8(2))8a ()
j=1 j=1 j=1

Bethe ansatz wavefunctions for the model with open boundary conditions have the following
form:

..... ay==% QeSy
x(agwkoq)s - - -, apmkow2)8(z0)

PeSy Q€Sy ay,....ay=%
x(apowkroq, ---»aprowkpow)|P0)0(z0) (4)
whereSy is the symmetric group of ordée¥, 6(zy) is 1 in the regiorz, (the region where

Zo@ < -+ < zo)) and 0 in the other regions, adlis the symmetrizer (antisymmetrizer)
for the system of bosons (resp. fermions).

Sforay(@1...2n) = Z P frnraren @PQ) -+ - ZPV)) (%)

PES}V
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where ¢ = +1 for the Bose gas and = —1 for the Fermi gas. In equation (4)
Eaow...aom (@omko), - - - » apnkow)| Q) are the spin-dependent amplitudes in the region
zp and are the components of'Zlimensional vector (agpmyko), - - -, aomkow)| Q)-
Summation overw;’s are specific to the open boundary conditions. The wavefunctions
for some coordinates; which have minus signs can be obtained by replacingy —z;
except for those in thé function.

Let us define theS matrices and boundary matrices as follows

S0+ (@i ki) 40i+1K0(i+1)Eu0u....com (- - - » Ao ko)> Aoi+nkoity. - - - 1Q)

= Eupyrmtoisn @oumaom (- - » A0+ DKk +1)» dgi)koays - - -1, T +1) Q) (6)
K91y (@omkom)éagu....aon @omkow: - - - » agakow)| Q)

= Eupaymtionn (—Aomko@s - - - » aonkowy| Q) (7)
K5 @omnkow)€agu...aom @omko. - - - agunkow)| Q)

= Eupy,aom @oko@)s - - - » —aonkow | Q) (8)

where subscripts denote the spin spaces of which the (boun§langtrices act.

In other wordsS matrices determine the relation between the amplitudes of adjacent
regions and boundar§ matrices determine the relation between the amplitude of rapidity
ko (kovy)and that of rapidity—ko1) (—ko()) for the regionz, i.e. the relation between
the amplitude ofzpay > 0 (zpwy < L) and that ofzpqy < O (resp. zpow) > L).

The fundamentals of the Bethe ansatz are the condition that for the integrable mfdels,
matrices and boundaiy matrices satisfy the Yang—Baxter equation and reflection equations,
respectively.

The amplitude in the regiogy can be obtained by successively applying Sheatrices
and boundany$ matrices to theeference amplitudé,, ., (ki, ..., ky|I) wherel denotes
the regionz; < --- < zy. Moreover there are many paths from the reference amplitude to
the amplitude in the regiogy. To guarantee consistency for all the paths it is necessary not
only that theS matrices (boundan§ matrices) satisfy the Yang—Baxter equation (reflection
equation) but also that the amplitudes (especially the reference amplitude) must satisfy the
guantization conditions.

The quantization conditions (open boundary conditions) are found by considering the
negation ofap;

Eaguy.aon (@PKP)s - ap(kpeys - apnkpay | P)

= Eagayaom (@POKPQ): - - - —ap(jkp(jy, - apaykpw) | P) C))
along two different paths. In the one path particlg;, is exchanged with particles
203-1), - --» 20 BY So(.0i-1 - - - Soi), 0@, reflected aty ;) = 0 and again exchanged
with partiCleSZQ(]_), -5 203-D) by SQ(j)aQ(D e SQ(j),Q(j—l)- In the other path partiCleQ(]_)
is exchanged with particles 1, ..., zw, is reflected aty(;y = L and finally exchanged
with particleszgwy, ..., 2o+

These quantization conditions give the condition that the reference amplitude is the
simultaneous eigenvector (as #-8imensional vector) of the operators

Zj({a}, {k}) = Sj,j,l(ajkj, Clj,]_kj,]_) e Sj,]_(ajkj, alkl)

x Ko(ajkj) Sy j(atks, —ajkj) . .. Sj-1.j(@j-1kj-1, —a;k;)

xSit1,j(aj11kjv1, —ajk;) ... Sy, j(anky, —ajk;)

xKp(ajk;)S; n(ajk;, ankn) ... S jr1(a;k;, ajy1k;i1) (10)
for j =1,..., N. By solving the quantization conditions we get the (nested) Bethe ansatz
equations.



8336 O Tsuchiya

The S matrices and the boundary matrices are obtained by observing the boundary
condition for the scatterings of particle—particle and for the crossing of particle to the point
0, L. S matrices are obtained as

aiki — Cljkj + iCEPij/z

Sii(aiki, a:k:) = i 11
J(a 4 J) a;k; — ajkj — |C/2 ( )
The boundary condition for the partickg) (1) to cross the point O is given by
o1,...0N z9(L)=e . a,...0N _
aZQ(j_)X b (Zla sy ZN)|Z(QZ(1;:_€ - Cgsag(l),+x ! ( L] ZQ(l) - Oa .. )
+C68ag(1)__)(al""ow(. 2001 = 0, . ) (12)

From equations (12) and the boundary conditionzat= L we obtain the boundan$

matrices as
Z?aik,vfc[}: 0
Kl'o(aiki) — < 2ia;ki+cq )

2ia,»k,» —L'a
0 2ia;ki+cq

(13)

2iajki—c,
2ia;iki+c;

2ia;k;—c}
ki —c, 0
KiL(Cl,'k,') = exp 2u,k,L (zmiki-ﬂlf ) .

For the general values of the boundary fields, boundamnatrices do not satisfy the
reflection equation. Only special values of the boundary fields correspond to integrable
boundary conditions [17]. There exist two types of integrable boundary conditions

00 andc, is arbitrary (14)
=00 andc is arbitrary

wherey =0, L.

Type | boundary conditions correspond to the existence of boundary chemical potential
and there are counterparts in the supersymmetticmodel [14] and in the Hubbard model
[13].

In type Il boundary conditions boundatyy matrices are somewhat similar to those of
the Hubbard model with boundary magnetic fields [13].

Note that in the type Il-a (lI-b) boundary conditionscf = 0 (c;L = 0) boundaryS
matrices are proportional i®° which are boundang matrices for the XXZ model with an
infinite strength boundary magnetic field [17].

3. Strong coupling limit

We shall now consider thenpenetrabletwo-component particles (— oo) with integrable
open boundary conditions. At the— oo limit impenetrability yields

Eaguyagn (- ap(pkpgys ap+nkp(+p), - - - |P)
= — €8upuy..aom (- - - s APG+vkp(j+1)s ar(pkpy, - -1, J + D P) (15)
and therefore for allP, O, R € Sy
oo @PWKPQ)s - - -y apankpy | P)
RI-|P
= (—¢)/RI| ‘gag(l) ..... aou, @RAWKRW)s - - - » ARHKRW) I R). (16)
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Then the wavefunctions can be written in the form

LN
= T Y ol Sk,

PeSy QeSy a,..., ay==%
x(aiky, . .., anky|DO(zg)
=Y > defe™ ey, apw (@ika. ... anky|DO(2g). (17)

QeSy a1,....ay==%

Let us investigate the system with boundary conditions such that both left and right
boundaries are of type Il-b witht = 0. With these boundary conditions boundafy
matrices are of the form

Euowy.maom (—aPWKkP), aP@kp@), - - > apaykpan | P)

= agw&upu....aom @rkp), ap@kp@, - - -» apakpv) | P) (18)
oo @Pkp@y,s - -+ —apankpavy | P)

= aQ(N)eZikP<N)L§aQ(1) ,,,,, aom (@Pkp), - - - apanykpan | P). (19)

Note thata;’s take valuest or —.
The quantization conditions are given as

@) = exp2ikpv)L)agw) (20)
for any P, Q € Sy. The solution to equations (20) fof > 3 is given by

+
ap=...=ay= or ki =mnn/L (21)

wheren is an integer. Then for this type of boundary condition simultaneous eigenvector
of the operatorsZ;({a}, {k}) are only trivial two states (highest or lowest states)

& 4 (aka, ..., anky|I) i.e. all the particles have- spins oré_ _(aiks, ..., anky|I) i.e.

all the particles are of spins for N > 3 (the caseV = 2 is discussed in appendix B). With
these boundary conditions symmetry of the spin configurations is broken by the boundary
fields (the spin configurations of the two-component impenetrable models are discussed in
appendix A) and therefore we cannot obtain the complete states from the Bethe ansatz and
generators of the symmetry group. This situation is similar to the open XXX model (open
Hubbard model) with boundary magnetic fields (resp. boundary fields) which do not have
SU(2) (resp.SU(2) x SU(2)/Zy) symmetry.

Next we shall investigate the system with the boundary conditions such that both
left and right boundaries are of type | wit])’ = ¢, = oo or ¢} = ¢, = 0. For the
boundary conditions of type I, boundasymatrices do not depend on the spins and then the
guantization conditions do not include spin degrees of freedomZi@a}, {k}) are scalars.

It follows that there is not any condition for the reference amplitude i.e. drglihensional
vectors serve as a reference amplitude to the Bethe ansatz wavefunctions.

The essential observation is that this seemingly peculiar result comes from the very
large symmetrySU (2)V (see appendix A). That is, for the model with type | boundary
conditions, all the spin configurations are degenerate.

For the Dirichlet boundary conditionsj = ¢, = 00) boundaryS matrices are obtained
as

K%ajk;) = 1

22
Kt (ajkj) = —exp(2ia;kj)1 (@2)
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where/ is the identity matrix in the spin spaces. Quantization conditions for these boundary
conditions are obtained as

exp2ik;) =1 (23)

forj=1,...,N.
The wavefunctions in the Dirichlet boundary conditions are given as

QeSy
(24)
where the solutions of Bethe ansatz equations are expressed as
ki = %n n e Zoo. (25)
For example the ground state configuration is given by
k=), (26)

L
For the Neumann boundary conditiongf(: ¢, = 0) boundaryS matrices are given
by
K%ajk)) =1
K" (ajk;) = exp(2ia;jk;)1

and quantization conditions are the same as for those with Dirichlet boundary conditions.
Then wavefunctions for the Neumann boundary conditions are given by

(27)

QeSn
(28)
where
b4
kj = Zl’l ne Z;o. (29)
The ground state configuration of the Neumann boundary conditions is
b4
ki=—(—1. 30
i=70-D (30)

Note that the ground state that we obtained has very high degeneracstat2s) but
for the model with finitec the ground state is unique. Then among the degenerate states
only one state corresponds to the ground state for the model with finite

4. Discussions and conclusions

The integrable boundary conditions for the spin nonlinear &tihger model are classified
into two types. One type (type 1) is related to the existence of boundary chemical potential,
and the other (type Il) is related to the existence of boundary magnetic field.

At the infinitely strong coupling limit, if at least one of the boundaries is of type Il-a
(l1-b) with ¢~ = 0 (¢t = 0) all the spins are parallel at least for the Bethe ansatz states.
If both boundaries are of type I, there are not any conditions for the spin wavefunctions.
In this case all the spin configurations are degenerate. This degeneracy is removed by
an infinitesimal perturbation of the ordeycl In particular the ground state which we
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obtained has degeneracy from the spin configurations. But only one of these degenerate
states corresponds to the ground state for the model with finite

To apply this model to the condensed matter physics, study of the ground state which is
thec — oo limit of the ground state of the model with finite coupling is important. Details
of this point and studies of correlation functions in this ground state are being prepared for
publication [19].
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Appendix A. Symmetry about spin configurations atc — oo

In this appendix we shall prove that at the infinitly strong coupling the two-component
model with type | boundary conditions has a symmetry under the spin flippings of the
individual spins of the particles independently.

For convenience, we shall consider the model on the lattice. For the model on the
lattice (Hubbard-like model), the Hamiltonian of the impenetrable particles with spins can
be written using the projection operator as

L
H = P[ 3 W Ve + U aVntna) + WS Yok + co W _Vo.

j=1a==%

iyl Wy +cL¢Z,_wL.}P (31)

where P is the projector onto the states where double occupations are forbidden.

Let us introduce the spin operators for tfih particleS;, such thatS;, = o, if jth
particle lies on the:th site wherey = x,v,z, j=1,...,N,n=1,...,L ando; act as
Pauli matrices for the spin of theth particle. It is known that kinetic terms commute with
Sj.y (3],

I:Sj,yv p Z(W;+1,awn,a + WI,aWn+l,a)P:| =0. (32)

Also S;,’s commute with boundary chemical potential but they do not commute with
boundary magnetic field:

[Sj.y: POUL sWa + W) Y0 )P] =0
[Sys PYSaVaaPl #0
wherea = 4+ anda = 0, L. Thus for type | boundary conditions, the model has symmety
that flips the spins of the individual particles independently. And all the spin configurations
are degenerate. This degeneracy agrees with intuition. This symmetry is a much larger
symmetry compared with the spifiU(2) symmetry for the model with finite strength
coupling.
The boundary conditions of type Il break the above symmetry.
Note that for the model with periodic boundary conditions, the Hamiltonian commutes

with a subgroup ofSU (2)". That is the spin configurations are degenerate modulo-cyclic
permutations.

(33)
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Appendix B. Boundary conditions of type I

Here we consider the systems with boundary conditions of type ll4"at O for both
boundaries withv = 2 explicitly. The wavefunctions for the system with two particles are
given by

X419z, 72) = {(€F171 4 qpe ) (dherz 4 g, ePkel —Tkezz)
—(dh7 4 g ety (dhean “292ik2L7ik2Z1)}5a1a2(k1, k)8 (21 < 22)
—e{(€M7 + ey (dhe 4 oy @Phel ke
— (@87 gpeihzzy (@l g elohenye (k k)0 (20 < 21). a4)
Then for the system wity; = —, ap = +

X (z1, 22) = —4{sin(kiz1) SiN(kaz2) — SiN(k1z2) SiN(kaz1) e+ (k1, k2)0(z1 < 22)}
—4e{cogk1z1) COkoz2) — COk122) COSkoz1) }E4—(k1, k2)0(z2 < z1).  (35)

If the rapiditiesk;’s are given as &% = —1 for j = 1, 2, then the above wavefunctions
satisfy the boundary conditions.

But for the three-particle case we we cannot consistently construct the wavefunctions
of these forms and satisfy the boundary conditions. These observations confirm the fact
that for the boundary conditions of type Il at both ends (or at one end) andl for3, we
cannot obtain the nonzero wavefunction wherspins and— spins are mixed (at least as
the Bethe ansatz states).
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